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Abstract: Complex-frequency excitations have recently attracted a lot of attention owing to
their ability to solve a number of extraordinary challenges in photonics, such as overcoming
losses without gain in metalenses and plasmonic waveguides and achieving virtual absorption.
However, the totality of the works so far has been mainly computational or experimental, and a full
theory of the complex dynamics enabled by these excitations is still missing. Here, we develop
a fully analytical, exact time-domain theory for the dynamical scattering of these excitations
by both sides of dielectric plates, which have been used to achieve virtual absorption. Our
precise theoretical analysis confirms previous observations and, in addition, reveals a number of
intriguing phenomena that were previously missed, such as discontinuities in the scattering of
the outgoing electromagnetic field and release of the stored energy in distinct packets.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Complex-frequency excitations [1-3] have recently been exploited for a range of unexpected and
exciting applications in photonics, from compensating losses in metamaterials and superlenses
[4,5] or polaritonic propagation [6], to enabling virtual absorption [3,7-15], virtual critical
coupling [16,17], virtual optical pulling forces [18], virtual parity-time symmetry [19,20], and
diverse other functionalities [21-35] beyond the usual bounds on light scattering [24]. These
excitations open a completely new perspective to the optical world, but the totality of studies thus
far have been based on either computational or experimental techniques, as a result of which
the complex dynamics enabled by these excitations are still considered peculiar and lack a full
time-domain closed-form theoretical analysis.

It is the objective of the present work to introduce precisely such a theory, implemented for the
general phenomenon of virtual absorption [3,7—15]. Starting from the properties of the scattering
matrix § of a dielectric plate, and by performing an intricate calculation of the infinite series of
the associated complex residues for complex-frequency incident fields, we manage to obtain an
exact, time-domain solution for the outgoing (scattered) field based directly on the properties of
the plate only, that is, on its electric permittivity, magnetic permeability and thickness. Our exact
analysis fully reproduces all relevant previous computational results, but in addition sheds light
on completely unexpected — and first-time introduced — phenomena that were missed by previous
studies, such as discontinuous (in time) waveform of the scattered electromagnetic field and
release of energy in discrete (with time) wavepackets, never before, to our knowledge, observed
in wave physics and uniquely tied to the present complex-frequency time-domain problem.

2. Scattering matrix of a dielectric plate

In this work, we focus on a lossless, homogeneous, and isotropic plate of thickness L, characterized
by constant relative electric permittivity e, and magnetic permeability u,, which was the simple
structure used in the original work that first demonstrated the phenomenon of coherent virtual
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absorption [3,8]. The plate is embedded in an otherwise homogeneous, isotropic, and lossless
medium, with constant relative permittivity €| and permeability 1;. The corresponding refractive
indices and wave impedances are ny = /&2, Z» = +/u2/e for the plate, and n; = VELH1,
Z1 = \/u1 /€ for the surrounding medium. We further assume that the plate is perpendicular to
the x-axis, which is directed from left to right, as presented in Fig. 1. It is worth noting that, since
throughout this paper we consider the electric permittivity and magnetic permeability of both
the plate and the surrounding medium to be constant (i.e., frequency-independent), the findings
remain applicable across different frequency and time ranges, provided that the plate thickness is
scaled accordingly.
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Fig. 1. Schematic representation of electromagnetic wave scattering by a plate of thickness
L and refractive index n,, embedded in an infinite medium with refractive index n;. In the
cases considered in this work, both media have a relative magnetic permeability of unity.

Electromagnetic plane waves with angular frequency w, incident normally on the plate from
the left or right, are given by A;, exp{i[wn|(x —x4)/c — wt]} and Bj, exp{i[-wn|(x —xp)/c — wt]},
respectively, where c is the speed of light in vacuum and x4 (xp) is a point on the left (right) surface
of the plate. The corresponding outgoing waves have the forms Ay exp{i[—wni(x —x4)/c — wt]}
and By exp{i[wn|(x — xp)/c — wt]}. Their amplitudes are related to those of the incident waves
through a 2 X 2 scattering matrix (the S-matrix) as follows

Aout _ r t\[Ai

= , (H
Bout t r)\Bin
with (see, e.g., Ref. [36])
ZZ _ ZZ eZiumzL/c -1
R it o
(Zl + 22)2 _ (Zl _ ZZ)Z e2iwmL/c
and ol
47, 7, eiwn2L/c
1£2€ (3)

t= - .
(Z) + 22)2 —(Z) - ZZ)2 eiwmLfc

We note that, while the standard definition of the scattering S-matrix refers all incoming and
outgoing waves to a common origin [37], in our case, it is more convenient to expand the waves
on the left and right sides of the plate using different reference points on the corresponding plate
surfaces.
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Setting & = (Z) + Z)/(Z1 — Z,), the eigenvalues of the S-matrix take the form

é;eiwnzL/c +1

f + eiwnzL/c

Slp=rFt=7%F (@]
with the associated eigenvectors being vi, = (I F 1)T. It can be readily deduced from Eq. (4)
that s, has simple poles in the lower complex-frequency half-plane and corresponding zeros in
the upper half-plane, situated symmetrically with respect to the real axis, specifically at

= (w+iy)y mLlc=Qv+DnFilné, veZ, ®)

[T3E L)

where the poles and the zeros are given by the
poles and zeros of s, appear at

and “+” signs, respectively. Similarly, the

= (w+iy)f mLjc=2vrFilné, veZ. (6)

The real parts of the frequencies given by Eqgs. (5) and (6) correspond to the Fabry-Pérot
resonance frequencies of the plate. That is, the poles and zeros of s; (s2) yield the standing
wave condition for plate thickness equal to odd (even) multiples of half-wavelength. It is also
straightforward to show from Eq. (4) that the analytic continuation of the S-matrix in the complex
frequency plane satisfies the general symmetry properties S(—z) = S~!(z) and S(-z*) = $*(z)
[38,39]. Figure 2 presents a plot of the modulus of the eigenvalues of the S-matrix in the complex
frequency plane for a lossless dielectric plate of thickness L and refractive index n, = 3, embedded
in an infinite medium with n; = 1, with both media having a relative magnetic permeability
equal to unity.

on,L/(nc)

Fig. 2. Modulus (in logarithmic scale) of the eigenvalues of the S-matrix, as described by
Eq. (4), for a lossless dielectric plate of thickness L and refractive index ny = 3, embedded
in an infinite medium with n; = 1, in the complex-frequency plane. The relative magnetic
permeability of both media is equal to unity. The positions of the zeros and poles, given by
Eq. (6), are indicated by the bright cyan and red points, respectively.
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3. Coherent virtual absorption

3.1. Transient response to abrupt excitation cutoff

We assume an electromagnetic field of complex frequency w + iy, where y>0, incident on a plate
from both sides. At points x4 and xp on the plate surfaces, this field is given by

Ein(t) = e “'e"0(-1), (7

where the Heaviside step function, ®(—¢), enforces an instantaneous cutoff at ¢ = 0, to prevent the
incoming wave’s amplitude from growing indefinitely as t — oo.

The field given by Eq. (7) can be expanded into real-frequency waves using the Fourier
transform, following the E ~ exp(—iwt) convention, as follows

1 e ~ -
Ein(t) = ﬂ‘/‘ dw’ E(O)’)eilw t,

00

where E(w’) = / dt'Ein(1)e'™" = /_—l Thus, Ei,(¢) takes the form
oo W —-w-=1y
1 « ’ 1 —iw't
Ein(t) = 5— do' ——————e™". (3)
270 J_o W -w-1iy

We now calculate the outgoing field at the left and right edges of the plate, choosing the incident
complex frequency (w + iy)npL/c = z to be exactly at a zero, z;;, of s, given by Eq. (6) for v = p.
Since s, corresponds to the eigenvector v, = (1 I)T, the incoming waves are identical on both
sides of the plate, and so are the outgoing waves. From Egs. (1) and (8), setting T = ct/(n,L), the
outgoing field E,y takes the form

l (o] ’ L,
Eou(7) = 2_/ dz’ $2(2") e T 9)

i 7-z

This integral can be analytically evaluated in the complex plane using Jordan’s lemma in
conjunction with the residue theorem [40].

For 7<0, by Jordan’s lemma, we close the integration path of Eq. (9) with a semicircular
contour Cg = {Re®|6 € [0, 7]} of radius R — oo in the upper complex half-plane. From Eq. (6)
(see also Fig. 2) it is evident that all poles of s, are located in the lower complex half-plane. Thus,
the only pole inside the integration path is at z;, leading to

1 o+
Eoun(7) = %(ZNi)sz(z;)e”ZpT =0, 7<0. (10)

As expected, selecting the incident complex frequency at a zero of s, is the key to achieving
coherent perfect absorption. Since E,y = 0 for 7<0, all incident radiation remains stored within
the plate during illumination.

For 7>0, by Jordan’s lemma, the integration path of Eq. (9) can be closed with a semicircular
contour of infinite radius in the lower complex half-plane, enclosing the simple poles of
52(z) = [€exp(iz) — 1]/[¢ — exp(iz)] at z = z,,. Using Eq. (6) and the relation exp(iz, ) = &, the
residue at each pole takes the form

iz, _
1 fe Y le—iz;T

% — 7y —iel

R, =

— -1 §2 B le—Zm'V‘re—(ln &
2n(v —p)—2iln¢  i& '
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From residue theorem, setting n = p — v, we obtain

1 (o]
Eout(T) = %(_27”.) Z R,
y=—c0

) o 11
s g -1 —2ript —(Iné)r et
" e ¢ ¢ 2 —img _

n=-oo be

[ee)

It can be shown (see Appendix) that the infinite series ). _ exp(2mint)/(z — n), with
z € C\ Z, represents the Fourier expansion of 2xif(t), where f(7) is a periodic piecewise
continuous function on [0, 1] given by exp(27iz7)/[exp(2miz — 1]. This relationship also results
from the properties of the Hurwitz-Lerch zeta function, although under the more restrictive
condition that |z] <1 [41]. Using this identity, Eq. (11) for 7>0 yields Eqy(7) = e~ 2T ¢=1-217]),
where | 7| denotes the integer part of 7. Therefore, for incident waves described by Eq. (7) with
wmL/c = 2pn, p € Z, and ynyL/c = Iné, the outgoing waves are given by the closed-form
expression
Equ(t) = e 77gm12lrlg(). (12)

Figure 3 illustrates the time variation of the electric field for the incoming and outgoing
radiation at points x4 and xp on the surfaces of a plate of thickness L and refractive index
np = 3 embedded in a medium with n; = 1 (we assume that both media have a relative magnetic
permeability equal to unity), as given by Eqgs. (7) and (12), respectively. The discontinuities of
Eou(7) that occur at T € N: lime_o[Equ(T + €) = Equ(t — €)] = ¢ 771 = &7+ for 7 € N arise
from the instantaneous interruption of the excitation. In fact, this unnatural discontinuity of
Ei,(7) at T = 0 is conveyed to the outgoing waves, appearing at integer multiples of the time
t = mL/c,i.e. T = 1, which is the time it takes for the wave to travel between the two edges
of the plate. In the case of continuous excitation, E,; is also continuous (see Subsection 3.2).
It is worth noting that, as implied by Egs. (7) and (12) and illustrated in Fig. 3, the outgoing
field at time 7 is equal to the incident field at T — 1 — 2| 7. In the bottom diagram of Fig. 3 we
present the electromagnetic energy inside the plate as a function of time, which is proportional to
f dr{Re[E(1)]}?*. For the duration of illumination, #<0, all incoming radiation is stored in the
plate since Eyy = 0. In the absence of losses, when the incident field is abruptly interrupted at
t = 0, the plate starts to emit radiation in distinct packets until all stored energy is completely
depleted.

3.2. Transient response to smoothed excitation cutoff

In order to study a more realistic excitation, let us consider an incident field of complex frequency
w + iy, y>0, that starts to decay at # = 0 at an exponential rate of I' = ay, @ € R\{1}. At points
x4 and xp on the surfaces of the plate, this field has the form

Ein(7) = e O(=1) + e e 10(r) . (13)

By applying a Fourier transform we obtain

1 . 1 1 -
Ein(t) = %/ dw’ [ et (14)

—oo W -w-1iy w-w+il

Following the same steps taken after Eq. (8), the outgoing field is written as

1 (o) ’ L,
Eou(t) = _/ dZ/—SZ(Z) eT

2 r_
Tl Z Zp (15)

1 ® ’ 52(2') i 1 I
- %[m dz Z/——Zre T = Eout(T) +E0ut(T) ,
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Fig. 3. Upper diagrams: Time evolution of the real-valued electric field (in arbitrary units)
observed at points x4 and xp on the surfaces of a plate with thickness L and refractive
index ny = 3, embedded in a medium with n; = 1 (both media have a relative magnetic
permeability equal to unity), upon a complex-frequency excitation given by Eq. (7) with
wnyL/c = 107 and ynyL/c = Iné. Bottom diagram: Corresponding variation of the
electromagnetic energy inside the plate (in arbitrary units).

where zr = (w — il)nyL/c = 2pn — ia In €. The first integral, EL (1), is the same as in Eq. (9)
and will obviously lead to the result of Eq. (12). The poles of the integrand of the second integral,
which yields E!L,(7), are those of s, given by Eq. (4), plus the simple pole at z = zr, which is
also in the lower complex half-plane.

From Jordan’s lemma, for 7 <0, the integration path can be closed with a semicircular contour of
infinite radius in the upper half-plane, and the residue theorem yields Eqy(7) = EL () + EL (1) =
0, since E. (t) = 0 from Eq. (10) and the integrand that produces E!l () has no poles in the
upper complex half-plane.

Regarding E!L (7) when 7>0, by Jordan’s lemma the integration path can be closed with a
semicircular contour of infinite radius in the lower half-plane and the residues at the poles zr and
Z,, involved take the form

} 2
— ‘felzr B 1e—izrr and R, = 1 & - 1e—iz\7-r

Rr ' — -
&—er Z, —r —i§

s

respectively. Then, by applying the residue theorem we obtain

o [PPSR S
Eaul(®) = = 5 (2m0Re = 52w ), Re
% 16)

o0 .
eZmV‘r

_ -1 ey
_Rr-i-l 27T§ e > Z —zr—iln.f_ .

v=-co — g v
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The infinite series in Eq. (16) is essentially identical to the one in Eq. (11) and can be handled
in the same way. Consequently, after some straightforward algebra, the scattered field takes its
final form

a+l _ —a(r-|r])-|7]-1
; 1
Eoul(T) — e—27rzp‘r gT—l—ZLTJ _ é;—a‘r—l é: _ (';32 _ f

P e

We recall that wnyL/c = 2pn,p € Z, ympL/c =Iné and T’ = ay with @ € R\{1}. For a = 1,
the pole at zr coincides with one of the poles of s,(z), resulting in a second-order pole that
requires separate and distinct treatment in the residue calculation [40].

Interestingly, unlike the outgoing field in Eq. (12), which exhibits discontinuities at 7 € N,
the field in Eq. (17) remains continuous due to the smooth nature of the excitation. In fact, it is
straightforward to show that, in this case, lime_[Eou(T + €) — Equ(T — €)] = 0 for 7 € N. It is
also worth noting that, in the limit @ — oo, corresponding to an abrupt cutoff of the excitation, we
recover Eq. (12). Moreover, for @« = —1, which represents an excitation that grows exponentially
without bound as time evolves, the outgoing field vanishes identically.
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Fig. 4. Time evolution of the real-valued outgoing electric field (in arbitrary units) observed
at points x4 and xp on the surfaces of a plate with thickness L and refractive index ny = 3,
embedded in a medium with n; = 1 (both media have a relative magnetic permeability
equal to unity), upon a complex-frequency excitation given by Eq. (13) with ynyL/c = Iné,
I' = 15y, wnyL/c = 10z (top) and wny L/c = 4x (bottom). The analytical solution of Eq. (17)
is depicted by solid lines, while the finite-difference-time-domain (FDTD) simulations, are
represented by dotted lines.

Figure 4 shows the time variation of the outgoing fields, given by Eq. (17), in the same system
as in Fig. 3, for an excitation defined by Eq. (13) with yn,L/c = Iné, I’ = 15y, wnaL/c = 107
(top plot) and wnyL/c = 4r (bottom plot). When comparing Fig. 4 with Fig. 3, it is evident that
the discontinuities of E,, are no longer present. However, the envelope function in Eq. (17) still
leads to outgoing waves appearing in distinct packets, each with a duration of r = nyL/c, i.e.
7 =1, as can be clearly seen in the upper plot of Fig. 4. Moreover, smoothing the excitation for
7>0 facilitates finite-difference simulations by removing discontinuities. Figure 4 presents the
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analytical solutions alongside the corresponding simulations, demonstrating excellent agreement
for the two different values of w considered. The upper plot depicts the outgoing field for
wmyL/c = 10x, providing a comparison with the abrupt excitation cutoff shown in Fig. 3. The
bottom plot, with wnyL/c = 4r and the previously mentioned choice of I' = 15y, was designed to
approximate the excitation employed by Baranov ef al. [3], who used a Gaussian decay, yielding
very similar results for the outgoing fields.

4. Conclusion

In summary, we presented a comprehensive analysis of the effect of coherent virtual absorption
in a lossless dielectric plate. Starting with the Fourier transform of the excitation function, we
applied complex integration techniques, including Jordan’s lemma and the residue theorem, to
analytically derive exact closed-form expressions for the transient response of the plate under
complex-frequency excitation. This derivation fully accounts for the analytic structure of the
scattering S-matrix in the complex-frequency plane, ensuring a rigorous characterization of the
system’s behavior. The application of the residue theorem leads to infinite series, the summation
of which presents a key challenge in the derivation but is successfully addressed within the
analytical framework, resulting in formulas that show excellent agreement with numerical
simulations and provide deep physical insight into the underlying mechanisms.

Furthermore, our rigorous theoretical analysis not only confirms earlier observations, but also
uncovers several intriguing phenomena that had been previously overlooked. Notably, we identify
discontinuities in the outgoing scattered field and reveal that the stored energy is released in
distinct packets. These findings offer a deeper understanding of the transient dynamics of the
system and may inspire further investigations.

Beyond the specific case of a lossless dielectric plate, our analytical approach is highly versatile
and can be applied to various scattering structures and physical systems, offering a robust
framework for further theoretical and experimental research in this field.

Appendix

Let us consider the function

eZmz‘r

e2miz _ |

f(r) =

where z € C\Z, defined for 0<7<1, and satisfying the periodicity condition f(7 + 1) = f(7). This
function exhibits discontinuities of first kind for integer values of 7. The Fourier series expansion
of f(7) is given by

, 18)

f(r) = Z };le2nin‘r’ (19)

n=—00

1
— . 1
where f,, = / dre " f(r) = —— Therefore,
0 27i(z — n)

(o)

2if(r) = )

n=-oo

2mint

7€ C\Z. (20)

— n ’
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